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D E T E R M I N A T I O N  O F  C E R T A I N  P H Y S I C A L  

P R O P E R T I E S  O F  A S O L I D  ON T H E  B A S I S  

O F  T H E  I N T E R A T O M I C  I N T E R A C T I O N  

P O T E N T I A L  

N. I.  N i k i t e n k o  UDC 539.2 

The method of computing the dependence of the specif ic  volume of a solid on the p r e s s u r e  and 
t empera tu re  on the bas is  of the in tera tomie  in terac t ion  potential ,  which is a function of the in- 
te rna l  atom energy,  is considered.  The resu l t s  obtained a re  compared  with exper imenta l  data. 

The in terac t ion  potential  of atoms of a condensed body, which is a function of the atom internal  energy,  
is obtained in [1, 2]. In conformi ty  with this potential,  the fo rce  f with which a given atom acts on another  
atom at  a r e mo te  dis tance r can be r ep r e sen t ed  as follows 

r = a [(ho/r) ~+2 ~ (ho/r)~+ 2] ~ bE (ho/r)~+2. 

Here  h 0 is the spacing between two isolated atoms in the equi l ibr ium state (f = 0) at an absolute ze ro  t em-  
pe r a tu r e  (E=0) ,  and ~, fl ,  7, a, b are  posi t ive constants.  

(1) 

Insti tute of Technical  Thermophys ics ,  Academy of Sciences  of the Ukrainian SSR, Kiev.  Trans la ted  f rom 
Inzhenerno-Fiz icheski i  Zhurnal,  Vol. 38, No. 3, pp. 434-440, March, 1980. Original a r t ic le  submitted Febru -  
a ry  15, 1979. 
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The potential mentioned follows f rom the l inear  dependence between the mean atom energy E of a con- 
densed body measured  f rom the zero  level in a coupled coordinate sys tem,  and the energy q emitted by the 
atom per  unit t ime: 

q =  eE. (2) 

The equation of state of condensed bodies is obtained [1] on the basis  of (1), f rom which the gooke ' s ,  Gr~n- 
eisen, and l inear  expansion laws under heating follow. Relationship (2) pe rmi t s  obtaining a heat-conduction 
integrodifferent ial  equation [2, 3 ], f rom which the Four i e r  heat-conduction equation and a hyperbolic equation 
used to descr ibe  highly intense h e a t - t r a n s p o r t p r o c e s s e s  [4] follow, in the limit, for  an increase  in the atom 
density and the thermal  c a r r i e r  velocit ies.  

It can be shown that dependence (2) is a co ro l l a ry  of the spect ra l  law of a tom radiation according to 
which atoms at the i- th energy  level in the frequency u in the coupled coordinate sys tem,  radiate the energy 
quantas hv per  unit t ime [2, 3] 

q~ : evN~ihv, (3) 

where Niv is the number  of par t ic les  at the i - th  energy level, and e v ~ ev(i) .  Let us note that relationship (3) 
permi t s  obtaining the Planck formula  for the emiss iv i ty  of a blackbody and the fundamental s tat is t ical  d is t r i -  
bution laws [2, 3 ]. 

In s tat is t ical  thermodynamics  a quantum osc i l la tor  whose energy,  measured  f rom the zero  level, can 
take on the values Eiv= ihu, i = 0, 1 . . . . .  is set  in cor respondence  to each of the three degrees  of f reedom of 
the atom, where the mean osci l la tor  energy is 

E~ = hv/[exp (hv/kt) - -  1]. (4) 

In conformity  with (3), the radiat ion energy per  unit osci l la tor  with frequency v is 

q~ = 8vE.. (5) 

The exact  f requency distr ibution of the atom vibrations of a solid is not known [5]. Following Debye, we 
assume that the osci l lat ions with frequency less  than UD are  distr ibuted by a formula  known f rom class ica l  
physics ,  according to which the possible number  of e lect romagnet ic  waves per  unit volume with frequencies in 
the range f rom v to v + du is 87rvZdv/c S, where c is the velocity of light. Oscillations with frequencies g rea te r  
than v D do not exist. The frequency u D is selected so that the total number of oscil lations would equal the 
number  of degrees  of f reedom of the atoms per  unit volume, i.e., thr ice  the density of the atoms: 

vD 
3n----~ 8~v2dv _ 8n 

c 3 3c S v~,. (6) 
0 

Taking (4) into account, the specific internal energy U is determined by the integral  

VD hVD/ht O/T 

8nvadv =Snkt~ ~ xSdx -- 9n kt~ ~ x S d x _ _  
U = E v c---- s -  cSh ~ e ~ -  1 0 e ~ -  1 ( 7 ) 

0 0 0 

The express ion obtained, in which | = hvD/kt  (the Debye temperature) and x = hv/kt are  used, agrees  with the 
Debye formula  [5]. 

The radiation energy  of n atoms is 

VD 

0 

8nv2dv 

c ~ 
- ~U, (8) 

where the mean coefficient of radiation is 

j .  e~xSdx x S d x  

8 =  0 e X - - 1  / ; e X - - I  

Dividing (8) by n, We a r r ive  at (2). For  t > O, the express ion q = eit, el ~ const, follows f rom (2), which was 
found in studying the heat-conduction mechanism [6]. Relationship (2) is valid for atoms within a solid which 
re lease  praet iea l ly  all the energy being absorbed because of radiation. The atoms located on the body bound- 
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a r y  p o s s e s s  a subs tan t ia l ly  g r e a t e r  f r e e d o m  of motion,  and in some  r e s p e c t s  the i r  s ta te  approaches  the s ta te  
of the gas.  A s ignif icant  p a r t  of the ene rgy  they abso rbed  goes  ove r  into kinet ic  ene rgy  and is t r a n s f e r r e d  to 
adjacent  a toms  because  of col l is ions .  

To se t  up a re la t ionship  between the a tom in te rac t ion  fo rce  f and the the rmodynamic  p a r a m e t e r s  we 
use  the following model .  The solid is  a r igh t  c i r c u l a r  cy l inder  which is  p laced  in a yoke prevent ing  the p o s s i -  
bi l i ty  of movemen t  of the body a toms  in a r ad i a l  direct ion.  As the n o r m a l  s t r e s s  a changes on the cyl inder  
endfaces ,  o r  as  i t s  t e m p e r a t u r e  changes ,  the a toms  move  along the cyl inder  axis z. The a toms  with densi ty  
n o move  un i fo rmly  on the p lanes  zj (j = 0, 1 . . . .  ) pa ra l l e l  to the endface su r f ace  of the cyl inder  z = z 0 = 0, 
whose a r e a  is suff icient ly large .  

Le t  us find the in te rac t ion  fo rce  Rgj of an a tom in the plane Zg with all the a toms  in the l aye r  zj. The 
r e su l t an t  in te rac t ion  fo rce  dRgj be tween an a tom with the coordina tes  z = Zg, y = 0, y 1 z, and the a toms  in 
the a r e a  e l emen t  27rydy in the zj plane is 

dRg) " 2~ydyno Vz2g i .+ ya ' zgs = z1 --zg. 

In tegra t ing  dRgj ove r  the whole zj plane,  we obtain 

Rgs= dRgj=-2gnoh2o a ~ \--~gi] " 1 3 + .  1 \ ~gs ] ] + Vq-1---- ~gs / / ~ -~ - j  , = - z g l .  (9) 
y=O 

F o r  convenience in the ca lcula t ions  it is expedient  to r e p r e s e n t  (9) in the f o r m  

where  

Rgj=A l ~-~gj-/--\ ~gs / J \ ~gs / ' 

, A - - - -  ' 

8 = t +l( + 1 

in the 
~)0 p e r  unit  a tom of the outer  l aye r  z = z 0 = 0 is  ~0 = a/n0" The equi l ibr ium equation for  an a r b i t r a r y  body 
pa r t i c l e  p ro jec ted  on the z axis  can be wr i t ten  as follows: 

( lo)  

Bes ides  the in te ra tomic  in te rac t ion  f o r c e s ,  su r f ace  4, and m a s s  F fo rces  can act  on the body p a r t i c l e s  
z axis di rect ion.  If a s t r e s s  (r ac ts  on the cyl inder  endfaee,  then the mean  value of the su r face  fo rce  

w h e r e  

"~ R~S -4- q>~ + Fg = O, 
i 

S _  for g = 0 ,  
(I?g = no 

0 for g =g= O. 

(11) 

F o r  s impl ic i ty  we hencefor th  neglec t  the m a s s  force  Fg. 

The summat ion  in (11) should be  o v e r  al l  poss ib le  values  j. However ,  function Rgj should diminish 
rap id ly  as ~gj g r o w s ,  hence,  the spacing Hj = zj+ l -  zj be tween adjacent  a toms  is p rac t i ca l ly  independent of 

j for  suff icient ly l a rge  zj (when j -~ J) 

H i =  H j =  const for j ~ J .  (12) 

Condition (12) is conf i rmed  both by  the r e su l t s  of computa t ions  fo r  different  values  of J (30 < J < 150) 
and by  the known expe r imen ta l  fact  about the independence of the m a c r o s c o p i c  body densi ty  f r o m  thei r  s ize 
fo r  invar ian t  ex te rna l  p r e s s u r e  and t e m p e r a t u r e .  

By v i r tue  of  (12), i t  i s  suff icient  to r e t a i n  t e r m s  for  which ~gj -- JHj in (11) for  the g - th  l aye r  when 
calcula t ing the sum j~Rgj. Solution of s y s t e m  (11), (12) p e r m i t s  detei:-mination of Hg, g = 0, 1 . . . .  , J, and 
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Fig.  1. Dependence  of  the r e l a t i v e  
spac ing  Hj be tween  i ron  a t o m  
l a y e r s  on the o rd ina l  n u m b e r  of  
the l a y e r  j a long the z axis  fo r  
d i f f e ren t  s t r e s s e s  ~ and t e m -  
p e r a t u r e s  t: 1) t = 0, a = 0.05- 
10 I1 N/m2;  2) 8730K and 0; 3) 
573 a n d 0 ;  4) 0 a n d 0 ;  5) 0 a n d  
- 0 . 5 "  10; 6) 0 a n d - 1 . 5 - 1 0 1 1 ;  7) 

- 0 and - 3" 1011. 

g - - I  

zg : ~ H j ,  i f  the A, B, h 1, a ,  fi, Y, Og, and Fg a r e  known. 

The me thod  of s u c c e s s i v e  app rox ima t ions ,  which can be  used  to d e t e r m i n e  the m a c r o p r o p e r t i e s  of bod-  
ies  on the b a s i s  of  an i n t e r a t o m i c  i n t e r ac t i on  potent ia l  of any kind, is p r o p o s e d  for  the solut ion of  the s y s t e m  
of  non l inea r  equa t ions  (11) and (12).  The method  c o n s i s t s  of the s u c c e s s i v e  de t e rmina t i on  of  H m fo r  g = 0, 
1 . . . . .  J in the a p p r o x i m a t i o n s  m = 2, 3, . . . .  The f i r s t  app rox ima t ion  H~ f o r  spac ings  b e t w e e n ~ t o m  l a y e r s  
a long the z axis  can be  s e l e c t e d  a r b i t r a r i l y .  The d e t e r m i n a t i o n  of H ~  ~n the approx ima t ion  m on the bas i s  
of  the value  H ~  -1 is the m - t h  m a j o r  cyc le  of i te ra t ion .  Each  m a j o r  c y c l e  of i t e ra t ion  cons i s t s  of J + 1 m i n o r  
c y c l e s  of i t e r a t ion .  This l a t t e r  is r e l a t e d  to d e t e r m i n a t i o n  of the spac ing  H~ n, g = 0, 1 , . . . ,  J ,  on the bas i s  of 
(11) wr i t t en  f o r  the l a y e r  g. 

All  the spac ings  excep t  Hg in the m i n o r  i t e ra t ion  cyc l e  a r e  c o n s i d e r e d  invar iant -  H. = H m for  j = 0, �9 j ] 

1 . . . . .  g -- 1 andHj  = H ?  -1 fo r  j = g + 1, g + 2 . . . . .  J, In a f i r s t  approx imat ion ,  the spac ing  H ~ I  ) is  a s s u m e d  
m 

m-1  To d e t e r m i n e  Hg(s  ) in the app rox ima t ion  s, the value Wg(s_l) in the left  s ide of  [11] is  ca l -  to equal  H g  �9 
m m cu la ted  fo r  Hg = Hg(s-1). The devia t ion  of  the value Wg(s_l) f r o m  z e r o  is used  as  the m i s m a t c h  s ignal  b e -  

tween Hg(s-1) and the d e s i r e d  value of  the spac ing  in this cyc le  H ~  which a s s u r e s  s a t i s f ac t ion  of [11]. The 
spac ing  Hg(s) is d e t e r m i n e d  f r o m  the r e l a t ionsh ip  

m wg(s-t) (13) Hg(s)  = H~,'~_,> -~ V'~ " 
g ( s - - 1 )  

The r a t e  of  change  Vg of  the funct ion Wg in Hg is d e t e r m i n e d  by  the d i f f e rence  r e l a t ionsh ip  

H m H .~ m g(s)-- g(~-l) t s ~ 2 ,  
Vg(s) = Wg(s) - -  wg(s - t )  i ' 

w h e r e  V ~ s ) :  V~sL1)  fo r  s : 1. 

The p r o c e s s  of  evalua t ing  H g  c e a s e s  and i t  b e c o m e s  

H m H "n I (14) rn H m g(s)-- g(s-l) ,~ (5, Hg : g(s) for Hm 
g(s)  

253 



r I 

1 

o,5 

b 

/ 8OO 

6OO 

/ 
o i 

1 ~ous ~ot 

/ 

o,~ 0,7 o,o o,s v/v o 1,ors t, oz v /v  o 

Fig. 2. Change in the relat ive volume v/v 0 of an iron 
cyl inder  in a r igid yoke due to the p r e s s u r e  p, N /m 
(a) and due to the t empera tu re  t, ~ (b). 

where 5 is a cer ta in  smal l  posit ive number.  The number  M of major  i terat ion cycles  is determined by a 
condition which is analogous to (14)- 

�9 M z M - - 1 -  I,z, , ,J<0 

Results  of solving sys tem (11)-(12) for  i ron a re  represen ted  in Figs. 1 and 2 for different values of the 
s t r e s s  ~ and the t empera tu re  t, ~ The following values a re  taken for  the pa r ame te r s  charac te r iz ing  iron 
atom interact ion:  A--1.604 �9 10 -t~ N; B = 0.3146- 109 l /m;  ~ ; 4.1; fl -- 1.01; ,/ = 0.92; h t --- 4 .51 .10  -t~ Let us 
note that the dimensionless  magnitude of the spacing I-Ij/h i was determined during the calculation. The nu- 
mer i ca l  value of h 1 is obtNned by s tar t ing f rom the fact  that the mean spacing H~- between ad jacen t i ron  atom 
layers  is 

t t  ~ = n -~= ~/  ~/poN. 103 = 2.27.10 -l~ m 

for  a p r e s s u r e  p = 0 and tempera tu re  t = 0, where ~ = 55.85 is the a tomic weight of iron,  N is Avogadro ' s  
number ,  N = 6.0228 �9 10 -23, P0 is the densi ty of i ron at p = 0 and t = 0. In conformity  with tabulated data, the 
Debye t empera tu re  @ is taken equal to 453 ~ 

Values of the exponents [ 1, 2 ] ~, fl, and y are  determined on the basis  of the equation of state of condensed 
bodies because  of compar ing  theoret ical  and experimental  values of the pa r ame te r s  on the boundary curve for  
twelve different fluids (including water ,  mercu ry ,  ammonia,  and sodium).  The exponent ~ for these fluids va r i es  
within the l imits  3 < ~ < 6, while the quantity fl is a lmost  one, and the difference fl - y  turns  out to be p r a c -  
t icaUy constant and equal to 0.09 [1]. Although the values of ~, fl and y for solid iron are  obtained by a di f fer-  
ent means,  they a r e  never the less  in conformi ty  with the i r  values for fluids. 

It is seen f rom Fig. 1 that the relat ive magnitude of the spacing Hj = Hj/H~ along the z axis stabilizes 

sufficiently rapidly for  different  s t r e s s e s  and t empera tu re s ,  and remains  prac t ica l ly  constant for J > 15. 

The solution of sys t em (11)-(12) pe rmi t s  the determInat ion Of a dependence between the s t r e s s  a on the 
cyl inder  endfaee and its relat ive volume v/v 0, where v is the specific volume of i ron and v 0 is the specific 
volume of iron at a = 0 and t = 0. Exper imental  data [6 ] available in the l i te ra ture  se t  up a relat ionship be-  
tween the uniform external  p r e s s u r e  p and the relat ive volume v/v 0. To compare  the computed and exper i -  
mental  data we use the relationship,  known f rom elast ic i ty  theory, between the quantities a and p (to which 
identical changes in the specific volume cor respond)  

~----p-3 - - ,  
1 -}- ~t 

where the Po i s son ' s  rat io ~ is a function of tempera ture .  

Results  of computing the relat ive volume v/v 0 of the iron cyl inder  under considerat ion a re  represented  
by solid lines in Figs. 2a and b as a function of the p r e s s u r e  p and t empera tu re  t, respectively.  The points 
are  the superposed experimental  resu l t s :  obtained in [7] in Fig. 2a, and presented in tables which c h a r a c t e r -  
ize the dependence of the densi ty of the f ree  i ron bodyp on the t empera tu re  in Fig. 2b. Here we use the relat ionship 
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vo \ p (1--~) ' 

which governs  the relat ion between the re la t ive  volume v /v  0 of the cyl inder  in a rigid yoke, on the one hand, 
and the relat ive density P/Po (Po = l/v0) of the f ree  body f rom the same mater ia l ,  on the other,  for  a given 
t empera tu re  t when there are  no external  forces  (p = 0, a = 0). 

It follows f rom Fig. 2 that the computed and exper imental  resul ts  are  in good agreement .  These data 
can be used to determine the dependence of the elast ic  moduli, the coefficient of thermal  expansion, and some 
other  physical  cha rac t e r i s t i c s  as a function of the p r e s s u r e  and temperature .  
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A the rmal  model of the contact  heat t r ans fe r  between rough surfaces  is considered,  taking into 
account curva ture  of the cur ren t  lines in the gaps. Theoret ical  relat ions determining the con- 
tact  thermal  res i s tance  at smal l  p r e s s u r e s  are  obtained. 

F o r m u l a t i o n  o f  t h e  P r o b l e m  

One of the p a r a m e t e r s  which has a significant effect on the thermal  conditions in apparatus is the con- 
tact  thermal  res i s tance  (CTR) due to imperfect ions of the mechanical  connection between the contacting sur -  
faces.  

In [1-4] a detailed analysis  was made of the resul ts  of investigations of CTR by Soviet and non-Soviet 
authors,  the mechanism of contact  was explained, the physical  basis  of the heat t ransfer  through the contact 
zone was discovered,  and prac t ica l  recommendat ions  for  the intensification of heat t ransfer  were given. How- 
ever ,  as the fo rms  of real  mechanical  connections are  so different and so complex, it is often a laborious task 
to use the resul ts  of [1-4] for the calculation of CTR. There are  severa l  r easons  for  this:  

a) the theoret ical  relat ions are  only adequately reliable for the s implest  case of contact ing-object  ge- 
omet ry  - tangency of plane surfaces ;  

Leningrad Institus of Prec i s ion  Mechanics and Optics. Translated f rom Inzhenerno-Fizicheski i  Zhurnal, 
Vol. 38, No. 3, pp. 441-449, March, 1980. Original ar t ic le  submitted Februa ry  19, 1979. 

0022-0841/80/3803-0255507.50 �9 1980 Plenum Publishing Corporar 255 


